Phase 1 — Analytical and Numerical Solutions of Generalized Fokker-Planck
Equations

DOE Project DE-FG07-981 D13634
Principal Investigator — Anil K. Prinja, The Universty of New Mexico
Report Period — July 1, 1998 — June 30, 1999

The overdl objective of this NEER project a The Universty of New Mexico (in collaboration
with a subcontractor & UCLA) was to develop improved analyss tools for the interaction and
transport of highly collimated beams of charged particles in amorphous media Such beams arise
in severd important applications which include medicad (electron and ion radiotherapy),
commercid (ion beam modification of maerids), environmental (accderator transmutation of
waste) and defense (accderator production of tritium). A robust predictivelandyticad cgpability
would then be gregily beneficid and provide a cod effective dternative to expensve
experiments and cumbersome Monte Carlo smulations.

The gpecific gods ae to develop theoreticd and deterministic numericd approaches for
andyzing the gpatid, angular and energy spreading of a pencil beam (monoenergetic,
monodirectional and spatidly locadized) of charged particles as it penetrates the target materid.
While the linear Boltzmann or trangport equation provides a valid and accurate formulation of
this problem, the highly forward pesked scattering characteristic of charged particle interactions
renders this gpproach intracteble for anadyticd work and impracticad for direct numerica
solution. On the other hand, the accuracy of the popular Fokker-Planck and Fermi
gpproximations to the transport equation has been shown to be redricted to the vicinity of the
beam axis with the accuracy rapidly degrading with increasing transverse or radid distance. This
is a consequence of two inherent approximations in these modds the neglect of large angle
scattering and the assumption of near collimation of the beam asiit traverses the medium.

To improve these models, we have proposed and investigated a Generdized Fokker-Planck
formdism to accommodate the effects of larger angle scattering, as well as a nove agpproach to
rdaxing the near collimation assumption. During the course of these invedigdations other
intereting and relevant problems arose which required novel solution approaches to be
deveoped. The accomplishments of this phase of the project are described below.

1. The Generaized Fokker-Planck modd in broad beam geometry. .

We propose the Generadlized Fokker-Planck (GFP) modd for pencil beam transport under
conditions when the scattering is not sufficiently forward pesked for the classic Fokker-Planck
(FP) approximétion to the scettering integra to be vaid. That is, while 1- m<<1 may hold, the
rate of the cross section fal-of with scattering angle may not be sufficiently rapid for the FP
representation to be accurate. It is then reasonable to consider higher order FP expangions of the
sctering integrd to account for larger scattering angles. Truncating this expandon yidds the
GFP equation which for broad beam incidence may be expressed as
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where L is the Fokker -Planck scattering operator and the higher order FP expansion has been
truncated after K terms. The coefficients appearing in the sum above depend on the various
angular moments of the differentiad cross section and the presumption is that for a  sufficiently
forward pesked scattering cross section the sum will converge rapidly and provide a means of
asessng the effects of larger angle scattering on the scalar flux, which is the physca quantity
of interest. We solve the GFP eguation in a dab that is thin when measured in transport mean
free paths (but nevertheess opticdly very thick in scattering mean free paths) by congdering the
(1- m" - moments of the angular flux in conjunction with a closure reaionship. We have
ealier demondrated the effectiveness of the method in reation to the FP modd, which is a
goecid cae of the GFP eguation with K=1, in particular showing its superiority over the
Legendre expanson for this cass of problems.  Implementation of the solution agorithm
required high numericd precison for which MAPLE proved extremey effective. Numericd
results for the scdar flux were obtained usng this method for the FP, GFP and exact transport
models. For highly forward pesked scattering, (1- m) =10°, the FP approximation is reasonably
accurate but the accuracy rapidly erodes with increesing (1- m). The GFP model, on the other
hand, gives consstently accurate results when enough terms in the higher order FP expanson are
retained. This expandon is in fact an asymptotic expanson and must be truncated a a turning
point which depends on (1- m).Further investigation of higher order terms in the GFP expanson
will be considered in Phase 2 of this project.

2. Modification of the casic Fermi-Eyges formdism for the pencil beam problem to achieve
greater accuracy for large radii.

The Fermi-Eyges formula, while smple, degant and explicit, turns out to be very inaccurate for
large radii (radid locations comparable to axid depth), i.e, for large beam deflections. This is, of
course, not unexpected since the near-collimation assumption is inconsgent with large beam
deflections. In this task we successfully developed a large deflection modification of the Fermi-
Eyges formula which retans the smplicity of the dassic Fermi-Eyges formula but yidds
dramatic improvements in accurecy. The bads of this idea is to rdax the near-collimaion
assumption, which is a draight ahead approximation (i.e, nm=1) by introdudng m a
characterigic vaue of m which depends on the spatid coordinates r and z. We now introduce
the Fermi gpproximeation to the scaitering which, in the draight ahead approximation, nomindly
replaces scattering on the unit sphere with angular diffuson in the plane tangent to this sphere at
nm=1. Now, however, we have to proceed more generdly and approximate the sphericd
Laplacian by the Laplacian in the plane tangent to the sphere & m and j = (the characteristic
azimuthd angle). This was successfully derived and a useful form for evduation, subject only to

the specification of m , was obtained by averaging over the characteristic azimutha angle.

To spedify the functiond form of m we argue as follows. For a particle to find itsdf a a large
radid coordinate one or more large angle scattering collisons must have occurred. Since large
angle scaiterings are rare, the most likdy scenario is that a sngle large angle scaitering will
occur, followed by many highly forward peeked collisons. Further, this large angle collison
most likely occurs just as the paticle enters the dab, for then the scattering angle needed to



achieve the a given r/z is the smdledt, in contrast to a scattering event taking place deeper in the
dab. Based on these arguments, we equate the characteristic phase space angle g = cos '(m) to
the geometricangle Q =tan™* (r /z) and use this to evaluate the modified Fermi- Eyges formula.

Numericad results show that the modified Fermi-Eyges formula, when compared againgt exact
Monte Calo smulations and the origind Fermi-Eyges theory, gives dramaticdly improved
results for large radia distances. For ingtance, the error at r=1.2 mean free paths is reduced from
more than 6 orders of magnitude to less then a factor of 2. An important factor in achieving this
enhanced accuracy is that the modified Fermi-Eyges formula shows dgebrac fdl-off a large
radii compared to the Gaussan Fermi-Eyges result. While the improvements redized were the
result of an ad hoc correction introduced in the classc Fermi-Eyges theory, the large radius
erors were dramaticaly curtailed. In the second phase of this investigation a more rigorous
goproach  to  devdoping a modified Femi-Eyges theory will be consdered.

3. A quadratic discontinuous Gderkin finite dement code with Fokker-Planck scattering and
continuous dowing down energy loss.

Closed form andytic solutions to the transport equation and its variants provide vauable insght
into the spreading and energy loss of an incident charged particle beam as it penetrates the
medium and, under certain circumstances, may even be used directly in agpplicaions, eg., the
Fermi-Eyges solution is used in radiaion therapy trestment planning agorithms. However, as
these solutions do not represent exact solutions of the underlying equetions, but rather are
solutions to approximate equations, the errors can only be quantified when compared aganst
benchmark solutions. Benchmarks are typicdly generated usng Monte Calo smulaions but
these tend to be dow and cumbersome. With increasing computationa sophitication, in both
hardware and software, deterministic numerical solution approaches are becoming viable. With
the goa of eventudly developing a 3D deterministic code for pencil beam problems, we have
begun invedtigations into high order accurate finite dement solutions of the 1D or broad beam
geometry problem with Fokker-Planck scattering and  continuous dowing down energy loss.

In Phase 1 of this project, we initidly developed and implemented the linear and bilinear
discontinuous finite dement schemes, in gpace and energy, as wel as the nonlinear exponentia
discontinuous and linear characteristic methods. The FP angular operator was discretized using
standard Gauss quadrature as well as a logarithmic angular quadrature dense around the incident
particle direction. Solutions for the energy spectrum as well as the dose profile were obtained
and compared. While the nonlinear scheme was the most robugt, in that it yields unconditiondly
postive solutions for the problems consdered, it displayed the most numerica sraggling and
gave the poorest resolution of the Bragg pesk and the sharply varying energy spectra. The
bilinear discontinuous and characterigic methods gave better resolution and dthough the
schemes do not yidd unconditiondly podtive solutions, any negetivities are rgpidly damped.
The linear discontinuous scheme was better than the exponentiad but not as good as the other
linear schemes. However, al schemes gave acceptable accuracy only on extremey refined grids
for this class of problems with highly forward pesked scattering and dominant CSD energy loss.
We next implemented a higher order accurate quadratic discontinous scheme in pace and
energy, which gave dramaticaly improved resolution of the energy spectra and dose didtribution.
This is in pat due to the greater degree of curvaure provided by a quadratic polynomid trid



function. Accuracy was achieved on coarser grids than the other methods invetigated. We
conclude tha a quadratic representation of the flux & a minimum must be used for these
problems which are characterized by smal angular scattering and strong CSD energy losses. To
edablish the true efficacy of this method a generdized polynomid finite dement setting should
be explored and thiswill be consdered in Phase 2.

4. A multigroup downscatter-only mode for charged particle energy loss straggling.

In the course of our invedigdaions into the trangport of high energy pencil beams of charged
particles it became clear that, especidly for energetic ions, the continuous dowing down (CSD)
model of energy loss is inadequate and that the effect of energy loss fluctuations, known as
electronic energy loss draggling, must be accounted for in order to accurately describe the
energy spectrum of the beam as it traverses the medium. However, the smdl energy loss per
collison between an incident ion and a target dectron canot be effectivdy resolved usng
dandard multigroup methods. While a Fokker-Planck modd of energy loss draggling which
gives the correct meansquared energy loss can be developed, it possesses unphysical festures
like upscatter and, furthermore, it is an ingppropriate modd for incorporating in a transport code
based on a standard space—energy sweep agorithm.

We have developed a multigroup modd of energy loss draggling arisng from indadic energy
loss fluctuations in the incident ion energy. Straggling is incorporated through an adjacent-group
down-scatter only cross section, defined such that the mean square energy loss is presarved. The
absence of upscatter in our novel approach makes it superior to existing gpproaches which treat
draggling as a diffudve process in energy and have to ded with unphysica upscattering. In the
context of the gpace-energy sweep dgorithm in trangport codes, outer iterations become
necessary to treat these upscatter collisons. This complication is avoided in our approach which
treats draggling as drictly a down-scatter process while ensuring that both the mean and mean
squared energy loss is preserved. The resulting effective transport equation is computationally
more efficient to solve than one based on the exact but nearly sngular differentia cross section.
The dectronic draggling coefficients, describing the mean square energy loss, for arbitrary
incident iontarget atom combinations ae taken from recent date-of-the-at semi-empiricd
compilations, which incorporate charge exchange and corrdation corrections to the wel known
Bohr result. This model, as well as it's generdization to preserve higher energy loss moments,
will be implemented in our arbitrary order finite dement code with angular scattering which will
be developed during Phase 2 of this project.

5. A renormalized Generalized Fokker-Planck theory of energy loss straggling.

Our multigroup modd of energy loss straggling, while computationdly efficient and accurate,
preserves only the mean and mean-squared energy loss and not higher moments of energy loss.
For thin target gpplications, such as proton radiography, this provides an adequate resolution of
the energy spectrum of the transmitted beam but the preservation of higher moments becomes
necessary when dgnificant beam atenuation occurs.  As mentioned in the previous section,
additiond multigroup cross sections may be defined but this procedure is not entirdy rigorous,
athough the approach is effective. We have developed a novel and more rigorous approach to



condructing smpler energy loss kernds which can preserve a prescribed number moments. Our
approach begins with first developing a higher order Fokker-Planck expanson of the energy loss
collison integrd in the transport equation. If al terms in this expanson are retained then this
representation will preserve al energy transfer moments. In practice the series must be truncated
a some finite order and 0 the resulting Generalized Fokker-Planck representation will preserve
a finite number of these moments. However, we have shown that the GFP modd is ungtable for
any truncation order beyond the second, i.e, beyond drictly Fokker-Planck. The essence of our
idea is that the requisite number of terms in this expanson are retained, depending on the desired
number of energy loss moments to be preserved, and the rest are approximated to yield a stable
expanson. However, this procedure must be carried out in such a way that the renormdized
expanson is easer to ded with. A systematic approach to this is to seek a Pade or rationd
function representation of the GFP operator expanson such that the series expandon of the
former matches the GFP expanson up to the truncated order. We have shown for low order
truncations, with energy independent physicd parameters, that the renormdized GFP expansion
is equivdent to an effective calligon integra which is condderably smoother than the origind
integra and hence is computationadly more efficient. Furthermore, closed form solutions agree
extremdy wel with the multigroup modd and exact Monte Carlo smulations. In Phase 2 of this
project, we propose to generdize this renormaization procedure to retain higher energy loss
moments and to develop a practica agorithm for numerical solution with redlistic deta



